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ON PALINDROMIC WIDTH OF GRAPH OF GROUPS
KRISHNENDU GONGOPADHYAY AND SWATHI KRISHNA
Abstract. We prove that the palindromic width of HNN extension of a group by proper
associated subgroups is infinite. We also prove that the palindromic width of the amal-
gamated free product of two groups via a proper subgroup is infinite (except when the
amalgamated subgroup has index two in each of the factors). Combining these results
it follows that the palindromic width of the fundamental group of a graph of groups is
infinite, in most of the cases.
1. Introduction
Words are basic objects in group theory and they are natural sources to view groups
as geometric objects. Using words, one can naturally associate a length to each group
element, and the maximum of all such lengths gives the notion of a width. The theory of
verbal subgroup, that is subgroup determined by a word (for example, the commutator
subgroup), and the verbal width have seen many decisive results in recent time, e.g. see
[Seg09]. It is natural to ask for widths given by curious classes of ‘non-verbal’ words. In
this paper, we consider the width that comes from one such class, viz. the palindromic
words.
Let G be a group and let S be a generating set with S−1 = S. A word-palindrome
or simply, palindrome in G is a reduced word in S which reads the same forward and
backward. For an element g ∈ G, the palindromic length, lP(g) is the minimum number k
such that g can be expressed as a product of k palindromes. Then the palindromic width
of G with respect to S is defined as:
pw(G,S) = sup
g∈G
lP(g).
Palindromic words arise naturally in the investigation of combinatorics of words and
have been studied widely from several point of views, see [Sar17] for a survey. Bardakov,
Shpilrain and Tolstykh [BST05] initiated the investigation of palindromic width and proved
that the palindromic width of a non-abelian free group is infinite. This result was general-
ized by Bardakov and Tolstykh [BT06] who proved that all free products, except Z2 ∗Z2,
have infinite palindromic width. Following these investigations in free groups, Gilman
and Keen [GK09] applied the geometry of palindromes in a two-generator free group to
obtain discreteness conditions for two-generator subgroups in SL(2,C). Palindromes in
groups also appeared in the context of geometry of automorphisms of free groups, for
Date: September 25, 2018.
2010 Mathematics Subject Classification. (Primary) 20F65; (Secondary) 20E06.
Key words and phrases. palindromic width, graph of groups, HNN extension, amalgamated free
product .
Gongopadhyay acknowledges partial support from DST Indo-Russian grants INT/RUS/RSF/P-2 and
DST/INT/RFBR/P-137.
1
2 KRISHNENDU GONGOPADHYAY AND SWATHI KRISHNA
example, see [GJ00]. The intersection of the palindromic automorphism group and the
IA-subgroup of a free group has analogy with the hyperelliptic Torelli subgroup of the
mapping class groups. Motivated from this viewpoint, Fullarton [Ful15] investigated the
Palindromic Torelli subgroup and obtained a generating set that normally generates the
group. Fullarton then applied his result to obtain a finite presentation of the level 2 congru-
ence subgroup. In [BGS15a], some algebraic properties of the palindromic automorphism
group of a free group was investigated and using an algebraic approach, the authors proved
that the palindromic Torelli subgroup is the intersection of the IA-automorphisms with
the commutator of the elementary palindromic automorphism group.
Recently, there have been a series of work that aims to understand the palindromic
widths in several other classes of groups including relatively free groups. Bardakov and
Gongopadhyay have proved finiteness of palindromic widths of finitely generated free nilpo-
tent groups and certain solvable groups, see [BG14b, BG14a, BG15]. In [BBG17], finiteness
of palindromic width of nilpotent products has been proved. Palindromic widths of wreath
products and Grigorchuk groups have been investigated by Fink [Fin17, Fin14]. Riley and
Sale have investigated palindromic widths in certain wreath products and solvable groups
[RS14] using finitely supported functions from Zr to the given group. Fink and Thom
[FT15] have studied palindromic widths in simple groups and yielded the first examples
of groups having finite palindromic widths but infinite commutator widths.
In this paper, we investigate palindromic widths of HNN extensions and amalgamated
free products of groups. We prove the following theorems.
Theorem 1.1. Let G be a group and let A and B be proper isomorphic subgroups of G
and φ : A→ B be an isomorphism. The HNN extension
G∗ = 〈G, t | t
−1at = φ(a), a ∈ A〉
of G with associated subgroups A and B has infinite palindromic width with respect to the
generating set G ∪ {t, t−1}.
Theorem 1.2. Let G = A ∗C B be the free product of two groups A and B with amalga-
mated proper subgroup C and |A : C| ≥ 3, |B : C| ≥ 2. Then pw(G, {A,B}) is infinite.
These theorems answer Question 3 and Question 4 in [BG15], see also Problem 6 and
Problem 7 in [BGS+15b]. Since non-solvable Baumslag-Solitar groups are special cases of
the HNN extensions, this also answers Question 2 in [BG15].
As an application of the above two theorems, we deduce the palindromic width of the
fundamental group of a graph of groups. We recall that a graph of groups (G,Y ) consists
of a non-empty, connected graph Y , a group GP for each P ∈ vert Y and a group Ge for
each e ∈ edge Y , together with monomorphisms Ge → Gω(e), where for each edge e, α(e)
is the initial vertex and ω(e) is the final vertex. We assume that Ge = Ge¯. For each P ∈
vert Y , let SP be the generating set of GP . Also, let T be a maximal tree in Y . We fix
S = {∪P∈vert Y SP} ∪ {edge(Y )− edge(T )}
to be the standard generating set of the fundamental group of (G,Y ), π1(G,Y ). It is
straight forward to see that the fundamental group of any graph of groups has a repre-
sentation which is an amalgamated free product or a HNN extension. Hence we have the
following consequence of Theorem 1.1 and Theorem 1.2.
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Corollary 1.3. Let Y be a non-empty, connected graph. Let π1(G,Y ) be the fundamental
group of the graph of groups of Y with the standard generating set S. Then the palindromic
width of π1(G,Y ) is infinite if
(1) Y is a loop with a vertex P and edge e; and the image of Ge is a proper subgroup
of GP ; or
(2) Y is a tree and has an oriented edge e = [P1, P2] such that removing e, while
retaining P1 and P2, gives two disjoint graphs Y1 and Y2 with Pi ∈ vert Yi satisfying
the following: extending Ge → GPi to φi : Ge → π1(G,Yi), i = 1, 2, we get
[π1(G,Y1) : φ1(Ge)] ≥ 3 and [π1(G,Y2) : φ2(Ge)] ≥ 2.
(3) Y has an oriented edge e = [P1, P2] such that removing the edge, while retaining
P1 and P2 does not separate Y and gives a new graph Y
′ satisfying the following:
extending Ge → GPi to φi : Ge → π1(G,Y
′), i = 1, 2, we have φi(Ge) = Hi and
H1, H2 are proper subgroups of π1(G,Y
′).
The fundamental group in (1) is an HNN extension of GP and so, (1) follows from
Theorem 1.1. In (2), the fundamental group is an amalgamated free product of π1(G,Y1)
and π1(G,Y2) with proper amalgamated subgroups φ1(Ge) ∼= φ2(Ge). The result follows
from Theorem 1.2 Finally, the fundamental group in (3) is an HNN extension of G′, with
G′ being the fundamental group of the graph of groups corresponding to Y ′. Hence, this
also follows from Theorem 1.1.
Idea of the Proof. Let G be the group under consideration. An element g in G is a group-
palindrome if g can be represented by a word w such that its reverse w¯ also represents g.
This notion is weaker than the notion of ‘word-palindromes’, see [BBG17] for a comparison
of these two notions. The set P of word-palindromes is obviously a subset of GP , the set of
group-palindromic words. Thus, for an element g in G, lGP(g) ≤ lP(g). Consequently, the
palindromic width with respect to group-palindromes does not exceed pw(G,S). We shall
show that the palindromic width with respect to group-palindromes is infinite and that
will establish the main results. To achieve this, we shall use quasi-morphism techniques.
Definition 1.4. Let H be a group. A map ∆ : H → R is called a quasi-homomorphism
if there exists a constant c such that for every x, y ∈ H, ∆(xy) ≤ ∆(x) + ∆(y) + c.
Quasi-morphisms have wide applications in mathematics and for a brief survey on these
objects see [Kot04]. However, our motivation for using them in this paper comes from the
work of Bardakov [Bar97] and Dobrynina [Dob00, Dob09] where the authors have proved
infiniteness of verbal subgroups of HNN-extensions and amalgamated free products, also
see [BST05], [BT06]. We shall apply the same quasi-homomorphisms on palindromic
words here.
Structure of the paper. In Section 2 we prove Theorem 1.1. We prove Theorem 1.2 in
Section 3. In both these sections, a canonical form for palindromic words will be obtained
and then applying a quasi-homomorphism, it will be shown that the quasi-homomorphisms
will be bounded if G has finite palindromic width. Then we shall construct a sequence of
elements in our groups where ∆ will be bounded away, thus establishing the infiniteness
of the palindromic widths, and proving the theorems.
Notation. Let f and g be functions over non-zero integers. We write f =m g to denote
that f(k) = g(k) for all values of k except at most m values. Then clearly, f =m g and
g =n h implies f =m+n h. Also f =m g and f
′ =n g
′ implies f + f ′ =m+n g + g
′.
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2. Palindromic Width of HNN extension
2.1. HNN Extensions. Let G be a group and A and B be proper isomorphic subgroups
of G with the isomorphism φ : A→ B. Then the HNN extension of G is
G∗ = 〈G, t | t
−1at = φ(a), a ∈ A〉.
A sequence g0, t
ǫ1 , g1, t
ǫ2 , . . . , gn−1, t
ǫn , gn, n ≥ 0, is said to be reduced if it does not
contain subsequences of the form t−1, gi, t with gi ∈ A or t, gi, t
−1 with gi ∈ B. By Brit-
ton’s Lemma, if a sequence g0, t
ǫ1 , g1, t
ǫ2 , . . . , gn−1, t
ǫn , gn is reduced and n ≥ 1, then
g = g0t
ǫ1g1t
ǫ2 . . . gn−1t
ǫngn is not trivial in G∗ and we call it a reduced word .
Such a representation of a group element of an HNN extension is not unique but the
following lemma holds:
Lemma 2.1. [Bar97, Lemma 3] Let g = g0t
ǫ1g1t
ǫ2 . . . gn−1t
ǫngn and
h = h0t
θ1h1t
θ2 . . . hm−1t
θmhm be reduced words, and suppose g = h in G∗. Then m = n
and ǫi = θi for i = 0, 1, . . . , n.
Definition 2.2. The signature of g ∈ G∗ is the sequence sqn(g) = (ǫ1, ǫ2, . . . , ǫn), ǫi ∈
{1,−1} for g = g0t
ǫ1g1t
ǫ2 . . . gn−1t
ǫngn.
By Lemma 2.1, the signature of any g ∈ G∗ is unique, irrespective of the choice of the
reduced word.
Let σ=(ǫ1, ǫ2, . . . , ǫn) be a signature. Then the length of the signature, |σ| = n. And
the inverse signature, σ−1=(−ǫn,−ǫn−1, . . . ,−ǫ1). So, sqn(g
−1) = (sqn(g))−1.
Product of two signatures σ and τ , στ , is obtained by writing τ after σ.
Suppose σ = σ1ρ and τ = ρ
−1τ1 with |ρ| = r, then we can define an r-product,
σ[r]τ = σ1τ1.
The following lemma is immediate from the above notions.
Lemma 2.3. [Bar97, Lemma 4] For any g, h ∈ G∗, there exists an integer r ≥ 0 such that
sqn(gh) = sqn(g)[r]sqn(h), with sqn(g) = σ1ρ and sqn(h) = ρ
−1τ1 and |ρ| = r.
A reduced expression is called positive (negative) if all exponents ǫi are positive (resp.
negative). Further, if it is either positive or negative then the reduced expression is called
homogeneous.
2.2. Proof of Theorem 1.1.
Let σ=(ǫ1, ǫ2, . . . , ǫn) be the signature of an g ∈ G∗. We define,
pk(g) = number of +1,+1, . . . ,+1 sections of length k,
mk(g) = number of −1,−1, . . . ,−1 sections of length k,
dk(g)= pk(g)−mk(g),
rk(g)= remainder of dk(g) divided by 2, and,
∆(g) =
∞∑
k=1
rk(g).
Clearly, pk(g
−1) = mk(g) and so, dk(g
−1) + dk(g) = 0 for all g ∈ G∗.
ON PALINDROMIC WIDTH OF GRAPH OF GROUPS 5
Lemma 2.4. For any elements g, h ∈ G∗, ∆(gh) ≤ ∆(g) + ∆(h) + 6, i.e. ∆ is a quasi-
homomorphism.
Proof. The proof follows from [Bar97, Lemma 9]. 
Definition 2.5. Let g = g0t
ǫ1g1t
ǫ2 . . . gn−1t
ǫn−1gn be a reduced element in G∗. Put
g¯ = g¯nt
ǫn−1 g¯n−1t
ǫn−2 . . . g¯1t
ǫ1 g¯0.
We say g is a group-palindrome if g¯ = g.
Lemma 2.6. A group-palindrome g ∈ G∗ has the form
g =
{
g0t
ǫ1g1 . . . gk−1t
ǫkg′kt
ǫkgk−1 . . . g1t
ǫ1g0, if |sqn(g)| = 2k,
g0t
ǫ1g1 . . . t
ǫkgkt
ǫk+1g′kt
ǫk . . . g1t
ǫ1g0, if |sqn(g)| = 2k + 1,
where g′k = xgk where x ∈ A ∪B.
Proof. Let g ∈ G∗ is a group-palindrome.
CASE 1: |sqn(g)| = 2k + 1.
Let g = g0t
ǫ1g1t
ǫ2 . . . g2kt
ǫ2k+1g2k+1. We know, g = g¯.
⇒ gg¯−1 = 1
⇒ g0t
ǫ1g1 . . . t
ǫ2k+1g2k+1g
−1
0 t
−ǫ1g−11 . . . t
−ǫ2k+1g−12k+1 = 1
The left side is reducible. So we have, g2k+1g
−1
0 = x0, where x0 ∈ A (or x0 ∈ B) such
that tǫ2k+1x0t
−ǫ1 = y0, with y0 ∈ B (or y0 ∈ A) and ǫ2k+1 = ǫ1 = −1 (or 1).
⇒ g0t
ǫ1g1 . . . t
ǫ2kg2ky0g
−1
1 t
−ǫ2 . . . g−12k+1 = 1
Since y0 ∈ B (or y0 ∈ A), g2ky0g1
−1 = y1, y1 ∈ B (or y1 ∈ A) such that t
ǫ2ky1t
−ǫ2 = x1,
where x1 ∈ A (or x1 ∈ B) and ǫ2k = ǫ2 = 1 (or −1).
⇒ g0t
ǫ1g1 . . . t
ǫ2k−1g2k−1x1g
−1
2 t
−ǫ2 . . . g−12k+1 = 1
Since x1 ∈ A (or x1 ∈ B), g2k−1x1g2
−1 = x2, x2 ∈ A (or x2 ∈ B) such that
tǫ2k−1x2t
−ǫ3 = y2, where y2 ∈ B (or y2 ∈ A) and ǫ2k−1 = ǫ2 = −1 (or 1).
In general, we get g2k−ixig
−1
i+1 = xi+1, xi, xi+1 ∈ A (or B) such that t
ǫ2k−ixi+1t
−ǫi+2 =
yi+1, where wi+1 ∈ B (or A) and ǫ2k−i = ǫi+2, where 0 ≤ i ≤ k − 1.
In the expression g = g0t
ǫ1g1t
ǫ2 . . . gkt
ǫk+1gk+1t
ǫk+2gk+2 . . . t
ǫ2k+1g2k+1,
we put g2k+1 = x0g0, and for 0 ≤ i ≤ k − 1, g2k−i = xi+1gi+1x
−1
i and ǫ2k−i = ǫi+2.
⇒ g = g0 . . . gkt
ǫk+1xkgkx
−1
k−1t
ǫkyk−1gk−1y
−1
k−2t
ǫk−1 . . . y1g1y
−1
0 t
ǫ1x0g0
We know tǫi+2xi+1 = yi+1t
ǫi+2 (or tǫi+2yi+1 = xi+1t
ǫi+2) for −1 ≤ i ≤ k − 2;
⇒ g = g0 . . . gkt
ǫk+1xkgkx
−1
k−1xk−1t
ǫkgk−1y
−1
k−2yk−2t
ǫk−1 . . . x1t
ǫ2g1y
−1
0 y0t
ǫ1g0
⇒ g = g0 . . . gkt
ǫk+1xkgkt
ǫkgk−1t
ǫk−1 . . . tǫ2g1t
ǫ1g0
Therefore,
g = g0 . . . gkt
ǫk+1g′kt
ǫkgk−1t
ǫk−1gk−2 . . . g1t
ǫ1g0;
where g′k = xkgk.
CASE 2: |sqn(g)| = 2k.
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Let g = g0t
ǫ1g1t
ǫ2 . . . g2k−1t
ǫ2kg2k. We know, g = g¯. This implies,
g0t
ǫ1g1 . . . t
ǫ2kg2kg
−1
0 t
−ǫ1g−11 . . . t
−ǫ2kg−12k = 1
The left side is reducible. So we have, g2kg
−1
0 = x0, where x0 ∈ A (or x0 ∈ B) such
that tǫ2kx0t
−ǫ1 = y0, with y0 ∈ B (or y0 ∈ A) and ǫ2k = ǫ1 = −1 (or 1).
⇒ g0t
ǫ1g1 . . . t
ǫ2k−1g2k−1y0g
−1
1 t
−ǫ2 . . . t−ǫ2kg−12k = 1.
Since y0 ∈ B (or y0 ∈ A), g2k−1y0g1
−1 = y1, y1 ∈ B (or y1 ∈ A) such that t
ǫ2k−1y1t
−ǫ2 =
x1, where x1 ∈ A (or x1 ∈ B) and ǫ2k−1 = ǫ2.
⇒ g0t
ǫ1g1 . . . t
ǫ2k−2g2k−2x1g
−1
2 t
−ǫ3 . . . t−ǫ2kg−12k = 1.
Similarly, since x1 ∈ A (or x1 ∈ B), g2k−2x1g2
−1 = x2, x2 ∈ A (or x2 ∈ B) such that
tǫ2k−2x2t
−ǫ3 = y2, where y2 ∈ B (or y2 ∈ A) and ǫ2k−2 = ǫ3.
⇒ g0t
ǫ1g1 . . . t
ǫ2k−3g2k−3y2g
−1
3 t
−ǫ4 . . . t−ǫ2kg−12k = 1.
In general, we get g2k−ixi−1g
−1
i = xi, xi−1, xi ∈ A (or B) such that t
ǫ2k−ixit
−ǫi+1 = yi,
where yi ∈ B (or A) and ǫ2k−i = ǫi+1, where 1 ≤ i ≤ k.
In g = g0t
ǫ1g1 . . . t
ǫ2kg2k,
we put g2k = x0g0 and for 1 ≤ i ≤ k, g2k−i = xigix
−1
i−1 and ǫ2k−i = ǫi+1.
⇒ g = g0t
ǫ1g1 . . . t
ǫkxkgkx
−1
k−1t
ǫkyk−1gk−1y
−1
k−2t
ǫk−1 . . . tǫ3x2g2x
−1
1 t
ǫ2y1g2y
−1
0 t
ǫ1x0g0
Put tǫi+1xi = yit
ǫi+1 for −1 ≤ i ≤ k − 1.
⇒ g = g0t
ǫ1g1 . . . t
ǫkxkgkx
−1
k−1xk−1t
ǫkgk−1y
−1
k−2yk−2t
ǫk−1 . . . y2t
ǫ3g2x
−1
1 x1t
ǫ2g2y
−1
0 y0t
ǫ1g0
⇒ g = g0t
ǫ1g1 . . . t
ǫkxkgkt
ǫkgk−1t
ǫk−1 . . . tǫ3g2t
ǫ2g2t
ǫ1g0
Therefore,
g = g0 . . . g
′
kt
ǫk−1gk−1 . . . g1t
ǫ1g0,
where g′k = xkgk. 
Lemma 2.7. Let g ∈ G be a product of k group-palindromes, say g = p1p1 . . . pk. Then,
∆(g) ≤ 7k − 6.
Proof. Let p be a group-palindrome in G∗ of non-zero length.
Then p can be represented as p = uvu¯, where v is the maximal homogeneous palindromic
sub-word in p and u¯ is u written in reverse.
For example, if p = g0t
ǫ1g1 . . . t
−1gitgi+1t . . . tg¯i+1tg¯it
−1g¯i−1 . . . g¯1t
ǫ1 g¯0, then
u = g0t
ǫ1g1 . . . t
−1,
v = gitgi+1t . . . tg¯i+1tg¯i,
u¯ = t−1g¯i−1 . . . g¯1t
ǫ1 g¯0.
Then for every k, dk(u) = dk(u¯). As v is homogeneous, if k
′ is the length of sqn(v),
then
pk′(p) = 2pk′(u) + pk′(v), or mk′(p) = 2mk′(u) +mk′(v).
ON PALINDROMIC WIDTH OF GRAPH OF GROUPS 7
For all other k, pk(p) = 2pk(u) and mk(p) = 2mk(u).
Therefore,
rk′(p) = 1, and rk(p) = 0 for all other k.
Thus,
∆(p) = 1.
If p ∈ G, then ∆(p) = 0. So, ∆(p) ≤ 1.
Then, if g ∈ G∗ is a product of k group-palindromes, say g = p1p2 . . . pk, then
(2.1) ∆(g) = ∆(p1p2 . . . pk) ≤ ∆(p1) + ∆(p2) + · · · +∆(pk) + 6(k − 1) ≤ 7k − 6.
This completes the proof. 
2.3. Proof of Theorem 1.1. Now we prove that ∆ is not bounded from above. For
that purpose, we produce the following sequence of reduced words {ai} for which ∆(ai) is
increasing.
Let a1 = g0tg1t
−1g2tg3.
Then d1(a1) = 1, so ∆(a1) = 1.
For a2 = g0tg1t
−1g2tg3t
−1g4t
−1g5tg6tg7t
−1g8t
−1g9,
d1(a2) = 1, d2(a2) = −1, so, ∆(a2) = 2.
a3 = g0tg1t
−1g2tg3t
−1g4t
−1g5tg6tg7t
−1g8t
−1g9tg10tg11tg12t
−1g13t
−1g14t
−1g15tg16tg17tg18
Then, d1(a3) = 1, d2(a3) = −1, d3(a3) = 1, so, ∆(a3) = 3.
Constructing elements a4, a5, . . . , an, . . . in a similar fashion, we get the following:
an = g0tg1t
−1g2tg3...gN−2nt
∓1...gN−n−1t
∓1gN−nt
±1gN−n+1t
±1...gN−1t
±1gN ;
where N = 3n(n+1)2 ; and
sqn(an) = (1,−1, 1,−1,−1, 1, 1,−1,−1, . . . ,∓1, . . . ,∓1︸ ︷︷ ︸
n-1 times
,±1, . . . ,±1︸ ︷︷ ︸
n times
,∓1, . . . ,∓1︸ ︷︷ ︸
n times
,±1, . . . ,±1︸ ︷︷ ︸
n times
)
∆(an) = n.
Then, by (2.1), we get that the palindromic width of G∗ is infinite. This proves Theo-
rem 1.1.
3. Palindromic Width of Amalgamated Free Products
First recall the notion of free product with amalgamation. Let A = 〈a1, . . . |R1, . . .〉 and
B = 〈b1, . . . |S1, . . .〉 be groups. Let C1 ⊂ A and C2 ⊂ B be subgroups such that there
exists an isomorphism φ : C1 → C2. Then the free product of A and B, amalgamating the
subgroups C1 and C2 by the isomorphism φ is the group
G = 〈A,B | c = φ(c), c ∈ C1〉.
We can view G as the quotient of the free product A∗B by the normal subgroup generated
by {cφ(c)−1|c ∈ C1}. The subgroups A and B are called factors of G, and since C1 and
C2 are identified in G, we will denote them both by C.
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We shall divide the proof of Theorem 1.2 into two cases.
3.1. Case 1. For a non-trivial a ∈ A ∪ B such that CaC 6= Ca−1C. We shall prove the
following:
Lemma 3.1. Let G = A∗CB be the free product of two groups A and B with amalgamated
subgroup C. Let |A : C| ≥ 3, |B : C| ≥ 2 and there exists an element a ∈ A∪B for which
CaC 6= Ca−1C. Then pw(G, {A,B}) is infinite.
To prove this, we shall use the quasi-homomorphism constructed in [Dob00, Dob09].
We recall the construction here.
3.1.1. Quasi-homomorphisms.
Definition 3.2. A sequence x1, . . . , xn, n ≥ 0, is said to be reduced if
(1) Each xi is in one of the factors.
(2) Successive xi, xi+1 come from different factors.
(3) If n > 1, no xi is in C.
(4) If n = 1, x1 6= 1.
By the normal form of elements in free products with amalgamation, see for eg. [LS01],
if x1, . . . , xn is a reduced sequence, n ≥ 1, then the product x1 . . . xn 6= 1 is in G and it
is called a reduced word. Such a representation of a group element is not unique but the
following lemma holds:
Proposition 3.3. Let g = x1 . . . xn and h = y1 . . . ym be reduced words such that g = h
in G. Then m = n.
Proof. Since g = h, we have,
1 = x1 . . . xny
−1
m . . . y
−1
2 y
−1
1 .
Since g and h are reduced, we require xny
−1
m to belong to C. To reduce it further we need
xn−1xny
−1
m y
−1
m−1 to be in C and so on. Hence, m = n. 
Definition 3.4. Assume that a ∈ A such that CaC 6= Ca−1C. Let g ∈ G and g =
x1x2 . . . xn be a reduced word representing g. Then if xi ∈ A and xi = ua
ǫu′ where
ǫ ∈ {+1,−1}, u, u′ ∈ C, we replace xi by ua
ǫu′ and join u to xi−1 to get x
′
i−1 and, u
′ to
xi+1 to get x
′
i+1. Then we get
g = x1x2 . . . x
′
i−1a
ǫx′i+1 . . . xn.
If i = 1, we join u′ to x2 as above and preserve u, and get
g = uaǫx′2 . . . xn.
If i = n, we join u to xn−1 and preserve u
′ to get
g = x1x2 . . . x
′
n−1a
ǫu′.
We get a new representation for g by replacing the necessary xi by the expression ua
ǫu′
and this representation is called the special form of g.
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An a-segment of length 2k − 1 is a segment of the reduced word of the following form
ax1 . . . x2k−1a,
where xj 6= a for j = 1, . . . , 2k − 1 such that the length of x1 . . . x2k−1 is 2k − 1.
Similarly, an a−1-segment of length 2k − 1 is a segment of the reduced word of the
following form
a−1x1 . . . x2k−1a
−1,
where xj 6= a
−1 for j = 1, . . . , 2k − 1 such that the length of x1 . . . x2k−1 is 2k − 1.
For g ∈ G expressed in special form, we define
pk(g) = number of a-segments of length 2k − 1,
mk(g) = number of a
−1-segments of length 2k − 1,
dk(g)= pk(g)−mk(g),
rk(g)= remainder of dk(g) divided by 2, and
(3.1) ∆(g) =
∞∑
k=1
rk(g)
Clearly, pk(g
−1) = mk(g) and so, dk(g
−1) + dk(g) = 0 for all g ∈ G.
Lemma 3.5. For any elements g, h ∈ G, ∆(gh) ≤ ∆(g) + ∆(h) + 9, i.e. ∆ is a quasi-
homomorphism.
Proof. See the proof of [Dob00, Lemma 2]. 
3.1.2. Normal form of palindromes.
Definition 3.6. Let g = x1 . . . xn be a reduced word of g ∈ G. The elements xk are said
to be syllables of g.
We denote the number of syllables of g by l(g). Here, for g = x1 . . . xn, l(g) = n.
Let g¯ be the word obtained by writing g in the reverse order, i.e. g¯ = x¯n . . . x¯1. This is
a non-trivial element of G. We say g is a group-palindrome if g¯ = g.
Lemma 3.7. A group-palindrome g ∈ G has the form
g =
{
x1x2 . . . x
′
kxk−1 . . . x1, if l(g) = 2k,
x1x2 . . . xkx
′′
k+1xkxk−1 . . . x1, if l(g) = 2k + 1,
where x′i = xicxi and x
′′
i = xic with c ∈ C.
Proof. Let g is a group-palindrome in G. We shall prove the lemma by induction on l(g).
CASE 1: l(g) = 2k + 1.
Let
g = x1x2 . . . xkxk+1 . . . x2kx2k+1.
We know g = g¯
x1x2 . . . xkxk+1 . . . x2kx2k+1 = x2k+1x2k . . . x2x1
⇒ x1x2 . . . x2kx2k+1x1
−1x2
−1 . . . x2k
−1x2k+1
−1 = 1
Since the expression on the left side is reducible, x2k+1x1
−1 = c1; for c1 ∈ C. This
implies, x2k+1 = c1x1. Thus,
x1x2 . . . x2kc1x2
−1 . . . x2k−1
−1x2k
−1 = 1.
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Further x2kc1x2
−1 = c2; for c2 ∈ C ⇒ x2k = c2x2c
−1
1 .
⇒ x1x2 . . . x2k−1c2x3
−1 . . . x2k−1
−1x2k
−1 = 1
In general we get x2k−i = ci+2xi+2c
−1
i+1 for 0 ≤ i ≤ k − 2.
Then,
g = x1x2 . . . xkxk+1 . . . x2k−1x2k.
⇒ g = x1x2 . . . xkxk+1ckxkc
−1
k−1ck−1xk−1c
−1
k−2 . . . c3x3c
−1
2 c2x2c
−1
1 c1x1
⇒ g = x1x2 . . . xkxk+1ckxk . . . x3x2x1.
Therefore, g = x1x2 . . . x
′′
k+1xk . . . x3x2x1, where x
′′
k+1 = xk+1ck.
CASE 2: l(g) = 2k.
Let
g = x1x2 . . . xkxk+1 . . . x2k−1x2k.
We know g = g¯
x1x2 . . . xkxk+1 . . . x2k−1x2k = x2kx2k−1 . . . x2x1
⇒ x1x2 . . . x2k−1x2kx1
−1x2
−1 . . . x2k−1
−1x2k
−1 = 1
We know the expression on the left side is reducible.
So, x2kx1
−1 = c1; for c1 ∈ C ⇒ x2k = c1x1.
⇒ x1x2 . . . x2k−1c1x2
−1 . . . x2k−1
−1x2k
−1 = 1
Further x2k−1c1x2
−1 = c2; for c2 ∈ C
⇒ x2k−1 = c2x2c
−1
1 .
⇒ x1x2 . . . x2k−2c2x3
−1 . . . x2k−1
−1x2k
−1 = 1
In general we get x2k−i = ci+1xi+1c
−1
i for 1 ≤ i ≤ k − 1.
Then,
g = x1x2 . . . xkxk+1 . . . x2k−1x2k.
⇒ g = x1x2 . . . xkckxkc
−1
k−1ck−1xk−1c
−1
k−2 . . . c3x3c
−1
2 c2x2c
−1
1 c1x1
⇒ g = x1x2 . . . xkckxkxk−1 . . . x3x2x1.
Therefore, g = x1x2 . . . x
′
kxk−1 . . . x3x2x1, where x
′
k = xkckxk. 
Lemma 3.8. Let g ∈ G be a product of k group-palindromes, say g = p1p2 . . . pk. Then,
∆(g) ≤ 12k − 9.
Proof. Let p be a group-palindrome in G of non-zero length.
Then p can be expressed as p = huh¯, where h¯ is h written in reverse.
Then, for every k, dk(h) = dk(h¯).
If u = a, we have
pk(p) =2 2pk(h),
mk(p) =1 2mk(h).
Then we get
dk(p) =3 2dk(h).
If u = a−1, as above, we get dk(p) =3 2dk(h).
If u 6= a, a−1, we get dk(p) =2 2dk(h).
So, in general we have,
dk(p) =3 2dk(h).
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Thus,
rk(p) =3 0,
and ∆(p) ≤ 3.
Thus, if g ∈ G is a product of k group-palindromes, say g = p1p2 . . . pk, then
(3.2) ∆(g) = ∆(p1p2 . . . pk) ≤ ∆(p1) + ∆(p2) + . . .+∆(pk) + 9(k − 1) ≤ 12k − 9.
This completes the proof. 
3.2. Proof of Lemma 3.1. Now we prove that ∆ is not bounded from above. For that
purpose, we produce the following sequence {gi} for which ∆(gi) is increasing.
Let b ∈ B but not in C.
Let g1 = baba
−1ba. Then, p1(g1) = 0, p2(g1) = 1 and pk(g1) = 0 for all other k;
mk(g1) = 0 for all k; d2(g1) = 1 and dk(g1) = 0 for all other k. So, ∆(g1) = 1.
Let g2 = baba
−1baba−1ba−1ba. Then p1(g2) = 0, p2(g2) = p3(g2) = 1 and pk(g2) = 0 for
all other k, and, m1(g2) = m2(g2) = 1 and mk(g2) = 0 for all other k. So, ∆(g2) = 2.
Let g3 = baba
−1baba−1ba−1baba−1ba−1ba−1ba. Then p1(g3) = 0, p2(g3) = p3(g3) =
p4(g3) = 1 and pk(g3) = 0 for all other k; m1(g3) = 3,m2(g3) = 2 and mk(g3) = 0 for all
other k. So, ∆(g3) = 4.
In general, for
gn = baba
−1ba(ba−1)2 . . . . . . ba(ba−1)n−1ba(ba−1)nba,
p1(gn) = 0, pk(gn) = 1 for 1 < k < n + 1; m1(gn) =
n(n−1)
2 , m2(gn) = n − 1 and for
k 6= 1, 2, mk(gn) = 0. Thus we have
∆(gn) = r1 + r2 + (n− 1),
where r1 is the remainder of
n(n−1)
2 divided by 2 and r2 is that of n divided by 2. So,
∆(gn) ≥ n− 1.
Then, by (3.2), we get that the palindromic width of G is infinite. This proves
Lemma 3.1.
3.3. Case 2. For a non-trivial a ∈ A ∪B such that CaC = Ca−1C.
Lemma 3.9. Let G = A∗CB be the free product of two groups A and B with amalgamated
subgroup C . Let |A : C| ≥ 3, |B : C| ≥ 2 and there exists an element a ∈ A∪B for which
CaC = Ca−1C. Then pw(G, {A,B}) is infinite.
This lemma follows using similar methods as in Lemma 3.1. Since the arguments will
only be a slight modification of the ones used in Lemma 3.1, we shall skip the details here.
Following [Dob00], we can define a quasi-homomorphism ∆, same as (3.1), and it follows
that:
Lemma 3.10. For any elements g, h ∈ G, ∆(gh) ≤ ∆(g) + ∆(h) + 9.
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For a proof of the above lemma, see [Dob00, Dob09].
If g ∈ G is a product of k group-palindromes, say g = p1p1 . . . pk, then using Lemma 3.10,
a version of Lemma 3.8 holds, and we have,
(3.3) ∆(g) = ∆(p1p2 . . . pk) ≤ ∆(p1) + ∆(p2) + · · ·+∆(pk) + 9(k − 1) ≤ 12k − 9.
And finally, for the same sequence used in Section 3.1, using (3.3), we get that the
palindromic width of G is infinite.
3.4. Proof of Theorem 1.2. The result follows by combining Lemma 3.1 and Lemma 3.9.
3.4.1. The index two case. So far we have shown that the palindromic width ofG = A∗CB,
when |A : C| ≥ 3, |B : C| ≥ 2, is infinite. Now consider the case when |A : C| ≤ 2,
|B : C| ≤ 2.
Proposition 3.11. Let G = A∗CB be the free product of two groups A and B with
amalgamated subgroup C and |A : C| ≤ 2, |B : C| ≤ 2. If S and T are the generating sets
of A and B respectively. Then pw(G, {A,B}) ≤ 3.
Proof. We only need to consider the case of |A : C| = 2, |B : C| = 2. Then C is a normal
subgroup of both A and B.
Let TA and TB be the sets of right coset representatives of C in A and C in B respec-
tively. Here, TA ∼= Z2 and TB ∼= Z2.
Recall from [OB] that a C-normal form of g is a sequence (x0, x1, ..., xn), where g =
x0x1...xn with x0 ∈ C, xi ∈ TA \{1}⊔TB \{1} and consecutive xi, xi+1 lie in distinct sets.
Existence and uniqueness of such a C-normal form follows from [OB, Theorem 11.3].
So, for g = x0x1...xn, where (x0, x1, ..., xn) is the C-normal form of g, clearly, x1x2...xn ∈
TA∗TB ∼= Z2∗Z2.
This implies that pw(x1x2...xn) ≤ 2. Therefore pw(g) ≤ pw(x0) + pw(x1x2...xn) ≤
3. 
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